






















THE MULTIPLICATIVE EIGENVALUE PROBLEM AND DEFORMED QUANTU M
COHOMOLOGY
PRAKASH BELKALE AND SHRAWAN KUMAR
ABSTRACT. We construct deformations of the small quantum cohomologyrings of homogeneous
spacesG/P, and obtain an irredundant set of inequalities determiningthe multiplicative eigenvalue
problem for the compact formK of G.
1. INTRODUCTION
Let G be a simple, connected, simply-connected complex algebraic g oup. We choose a Borel
subgroupB and a maximal torusH ⊂ B and letW be the associated Weyl group. LetP be a standard
parabolic subgroup (i.e.,P ⊃ B) and letL ⊂ P be its Levi subgroup containingH. Then,BL := B∩L
is a Borel subgroup ofL. We denote the Lie algebras ofG,P, L,B,BL,H by the corresponding Gothic
characters:g, p, l, b, bL, h respectively. LetWP be the set of the minimal length representatives in the
cosets ofW/WP, whereWP is the Weyl group ofP. For anyw ∈ WP, let XPw := BwP/P ⊂ G/P be
the corresponding Schubert variety and let{σPw}w∈WP be the Poincaré dual (dual to the fundamental
class ofXPw) basis ofH
∗(G/P,Z).
Let R = Rg ⊂ h∗ be the set of roots ofg and letR+ be the set of positive roots (i.e., the set
of roots of b). Similarly, let Rl be the set of roots ofl and R+l be the set of roots ofbL. Let
∆ = {α1, . . . , αℓ} ⊂ R+ be the set of simple roots,{α∨1 , . . . , α
∨
ℓ } ⊂ h the corresponding simple
coroots. We denote by∆P the set of simple roots contained inRl and we set
SP := ∆ \ ∆P.
For any1 ≤ j ≤ ℓ, define the elementx j ∈ h by
αi(x j) = δi, j, ∀ 1 ≤ i ≤ ℓ.
Consider thefundamental alcoveA ⊂ h defined by
A =
{
µ ∈ h : αi(µ) ≥ 0 andθ(µ) ≤ 1
}
,
whereθ is the highest root ofg. Then,A parameterizes theK-conjugacy classes ofK under the
mapC : A → K/Ad K,
µ 7→ c(Exp(2πiµ)),
whereK is a maximal compact subgroup ofG andc(Exp(2πiµ)) denotes theK-conjugacy class of
Exp(2πiµ). Fix a positive integern ≥ 2 and define themultiplicative polytope
Cn :=
{
(µ1, . . . , µn) ∈ A
n : 1 ∈ C(µ1) . . .C(µn)
}
.
Then,Cn is a rational convex polytope with nonempty interior inhn. Our aim is to describe the
facets (i.e., the codimension one faces) ofCn.
We begin with the following theorem. It was proved by Biswas [Bis98] in the caseG = SL2; by
Belkale [Bel01] forG = SLm (and in this case a slightly weaker result by Agnihotri-Woodward
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[AW98] where the inequalities were parameterized by〈σPu1 , . . . , σ
P
un
〉d , 0); and by Teleman-
Woodward [TW03] for generalG. It may be recalled that the precursor to these results was the
result due to Klyachko [Kly98] determining the additive eigncone forSLm.
Theorem 1.1.Let (µ1, . . . , µn) ∈ A n. Then, the following are equivalent:
(a) (µ1, . . . , µn) ∈ Cn,
(b) For any standard maximal parabolic subgroupP of G, anyu1, . . . , un ∈ WP, and anyd ≥ 0
such that the Gromov-Witten invariant (cf. Definition 2.1)














k µk) ≤ d,
whereωP is the fundamental weightωiP such thatαiP is the unique simple root inSP.
Even though this result describes the inequalities determining the polytopeCn, however for
groups other thanG of type Aℓ, the above system of inequalities has redundancies. The aimof
our work is to give an irredundant subsystem of inequalitiesd termining the polytopeCn.
To achieve this, similar to the notion of Levi-movability ofSchubert varieties inX = G/P in-
troduced in [BK06] which gives rise to a deformed product in the cohomologyH∗(X), we have
introduced here the notion ofquantum Levi-movabilityresulting into a deformed product in the
quantum cohomologyQH∗(X) parameterized by{τi}αi∈SP as follows. As aZ[q, τ]-module, it is the
same asH∗(X,Z) ⊗Z Z[q, τ], whereq (resp.τ) stands for multi variables{qi}αi∈SP (resp.{τi}αi∈SP).






















wherewo (resp.wPo ) is the longest element ofW (resp.WP),










∗ is the dual Coxeter number ofg andai is defined by the identity (5).
It is shown that, for a cominuscule maximal parabolic subgroupP, the deformed product coincides
with the original product in the quantum cohomology ofX (cf. Lemma 3.6).

















where the sum is restricted over thosed ≥ 0 ∈ H2(X,Z) andw ∈ WP so thatAi(u, v,w, d) = 0
for all αi ∈ SP. We shall denote the coefficient ofqdσPwowwPo
















in σPu1 ⊛0 . . . ⊛0 σ
P
un−1





. We give an





, 0 in Theorem 3.15. Now our first main
theorem is the following (cf. Theorem 4.1):
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Theorem 1.2.Let (µ1, . . . , µn) ∈ A n. Then, the following are equivalent:
(a) (µ1, . . . , µn) ∈ Cn,
(b) For any standard maximal parabolic subgroupP of G, anyu1, . . . , un ∈ WP, and anyd ≥ 0
such that
















k µk) ≤ d.
The role of the flag varieties(G/B)n in [BK06] is replaced here by the quasi-parabolic mod-
uli stack ParbunG of principal G-bundles onP1 with parabolic structure at the marked points
b1, . . . , bn ∈ P1. The proof makes crucial use of the canonical reduction of parabolic G-bundles
and a certainLevification processof principalP-bundles (cf. Subsection 3.8), which allows degen-
eration of a principalP-bundle to aL-bundle (a process familiar in the theory of vector bundles as
reducing the structure group to a Levi subgroup ofP).
Our second main theorem (cf. Theorem 8.1) asserts that the inequalities given by the (b)-part of
the above theorem provide an irredundant system of inequalities defining the polytopeCn. Specif-
ically, we have the following result. This result forG = SLm was proved by Belkale combining
the works [Bel07, Bel07b] (see Remark 8.5). It is the multiplicative analogue of Ressayre’s result
[Res10]. Our proof is a certain adaptation of Ressayre’s proof (there are additional subtleties).










k µk) ≤ d,
given by part (b) of the above theorem (as we run through the standard maximal parabolic sub-






are pairwise distinct (even up to scalar multiples) and forman irredundant system of inequalities
defining the eigen polytopeCn insideA n, i.e., the hyperplanes given by the equality inI P(u1,...,un;d)
are precisely the (codimension one) facets of the polytopeCn which intersect the interior ofA n.
To show that the inequalityI P
(u1,...,un;d)
can not be dropped, we produce (following Ressayre’s
general strategy [Res10]) a collection of points ofCn for which the above inequality is an equality,
and such that their convex span has the dimension of a facet (i.e.,−1 + n dim h). This is achieved
by the parabolic analogue of Narasimhan-Seshadri theorem for the Levi subgroupL resulting into a
description ofCn for L in terms of the non-vanishing of the space of global sectionsof certain line
bundles on the moduli stackParbunL(d) of quasi-parabolicL-bundles of degreed (cf. Theorem 5.2
applied to the semisimple part ofL and Corollary 7.6). To be able to use the parabolic analogue of
Narasimhan-Seshadri theorem, we need a certainLevi twisting, which produces an isomorphism of
ParbunL(d) with ParbunL(d ± 1) (cf. Lemma 7.4).
Section 8 of the paper is greatly influenced by Ressayre [Res10] as will be clear to any informed
reader.
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It may be remarked that our work completes the multiplicative eigenvalue problem for compact
simply-connected groups in the sense that we determine the multiplicative eigen polytopeCn by
giving an irredundant system of inequalities defining it. The problem of a recursive description of
Cn in terms of eigen polytopes of “smaller groups” remains openfor generalG (for G = SL(n) this
has been carried out in [Bel08]).
1.1. Acknowledgements.We thank Anders Buch for providing the multiplicative tablefor the
quantum cohomology ofG/P, for G of typeC2, and Patrick Brosnan for useful discussions. The
authors were supported by the NSF grants DMS-0901249 and DMS-1201310 respectively. We note
that a result similar to Theorem 1.2 (and equivalent, by an argument in the manner of Theorem 3.15
and Theorem 32 of [BK06]) has been established independently by Nicolas Ressayre [Res13].
2. NOTATION AND PRELIMINARIES
2.1. Notation. Let G be a semisimple, connected, simply-connected complex algebraic group. We
choose a Borel subgroupB and a maximal torusH ⊂ B and letW = WG := NG(H)/H be the
associated Weyl group, whereNG(H) is the normalizer ofH in G. Let P ⊇ B be a (standard)
parabolic subgroup ofG and letU = UP be its unipotent radical. Consider the Levi subgroup
L = LP of P containingH, so thatP is the semi-direct product ofU andL. Then,BL := B ∩ L
is a Borel subgroup ofL. Let Λ = Λ(H) denote the character group ofH, i.e., the group of all
the algebraic group morphismsH → Gm. Clearly,W acts onΛ. We denote the Lie algebras of
G,B,H,P,U, L,BL by the corresponding Gothic characters:g, b, h, p, u, l, bL respectively. We will
often identify an elementλ of Λ (via its derivativeλ̇) by an element ofh∗. Let R = Rg ⊂ h∗ be
the set of roots ofg with respect to the Cartan subalgebrah nd letR+ be the set of positive roots
(i.e., the set of roots ofb). Similarly, let Rl be the set of roots ofl with respect toh andR+l be
the set of roots ofbL. Let ∆ = {α1, . . . , αℓ} ⊂ R+ be the set of simple roots,{α∨1 , . . . , α
∨
ℓ } ⊂ h the
corresponding simple coroots and{s1, . . . , sℓ} ⊂W the corresponding simple reflections, whereℓ is
the rank ofG. We denote by∆P the set of simple roots contained inRl and we set
SP := ∆ \ ∆P.
For any1 ≤ j ≤ ℓ, define the elementx j ∈ h by
(1) αi(x j) = δi, j, ∀ 1 ≤ i ≤ ℓ.
Further, define the elementx̄ j by
(2) x̄ j = N jx j,
whereN j is the smallest positive integer such thatN jx j is in the coroot latticeQ∨ ⊂ h of G.
Recall that ifWP is the Weyl group ofP (which is, by definition, the Weyl GroupWL of L), then
each coset ofW/WP contains a unique memberw of minimal length. This satisfies:
(3) wBLw
−1 ⊆ B.
Let WP be the set of the minimal length representatives in the cosets of W/WP.
For anyw ∈WP, define the Schubert cell:
CPw := BwP/P ⊂ X
P := G/P.
Then, it is a locally closed subvariety of the flag varietyXP, isomorphic with the affine space
Aℓ(w), ℓ(w) being the length ofw. Its closure is denoted byXPw, which is an irreducible (projective)
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subvariety ofXP of dimensionℓ(w). We denote the pointwP ∈ CPw by ẇ. We abbreviateX
B
w by Xw.
We define the shifted Schubert cellΛPw := w
−1BwP/P, and its closure is denoted bȳΛPw. Then,BL
keepsΛPw (and hencēΛ
P
w) stable by (3).
Letµ(XPw) denote the fundamental class ofX
P
w considered as an element of the singular homology
with integral coefficientsH2ℓ(w)(XP,Z) of XP. Then, from the Bruhat decomposition, the elements
{µ(XPw)}w∈WP form aZ-basis ofH∗(X
P,Z). Let {σPw}w∈WP be the Poincaré dual basis of the singular
cohomology with integral coefficientsH∗(XP,Z). Thus,σPw ∈ H
2(dim XP−ℓ(w))(XP,Z).
An elementλ ∈ Λ is called dominant (resp. dominant regular) ifλ̇(α∨
i
) ≥ 0 (resp. λ̇(α∨
i
) > 0)
for all the simple corootsα∨
i
. LetΛ+ (resp.Λ++) denote the set of all the dominant (resp. dominant
regular) characters. We denote the fundamental weights by{ωi}1≤i≤ℓ, i.e.,
ωi(α
∨
j ) = δi, j.
For anyλ ∈ Λ, we have aG-equivariant line bundleL(λ) on G/B associated to the principal
B-bundleG → G/B via the one dimensionalB-moduleλ−1. (Any λ ∈ Λ extends uniquely to a
character ofB.) The one dimensionalB-moduleλ is also denoted byCλ. If λ vanishes on{α∨i }αi∈∆P ,
it defines a character ofP and hence a line bundleLP(λ) on XP associated to the characterλ−1 of






i ), for anyαi ∈ SP.







β = ρ − 2ρL + w−1ρ,
whereρ (resp.ρL) is half the sum of roots inR+ (resp. inR+
l
).
All the schemes are considered over the base field of complex numbersC. The varieties are
reduced (but not necessarily irreducible) schemes.
2.2. Quantum cohomology ofXP. We refer the reader to [KM94, FP97] for the foundations of
small quantum cohomology (also see [FW04]). LetX = XP be the flag variety as above, whereP
is any standard parabolic subgroup. Then,
{µ(XPsi)}αi∈SP
is aZ-basis ofH2(X,Z).













. We sayd ≥ 0 if eachai ≥ 0. We denote the classd by (ai)αi∈SP .
Definition 2.1. Let u1, . . . , un ∈ WP andd ≥ 0 ∈ H2(X). Fix distinct pointsb1, . . . , bn ∈ P1, and a
general point(g1, . . . , gn) ∈ Gn. Let
(6) 〈σPu1 , σ
P
u2
, . . . , σPun〉d
be the number of maps (count as0 if infinite) f : P1 → X of degreed (i.e., f∗[P1] = d ∈ H2(X))
such thatf (bk) ∈ gkCPuk , k = 1, . . . , n.
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Definition 2.2. Call a tuple(P; u1, . . . , un; d) as abovequantum non-nullif there are mapsf (possi-
bly infinitely many) in the setting of Definition 2.1. This noti n will play a role in Section 4.













Let wo (resp. wPo ) be the longest element of the Weyl groupW (resp. WP). Now, the quantum
product inH∗(X,Z) ⊗Z Z[qi]αi∈SP is defined by















giving rise to a graded associative and commutative ring, where we assign the degree ofqi to be
∫
XPsi
c1(TX), which is clearly equal to2 − 2ρL(α∨i ) by the equation (4).
We note that there exist mapsP1 → X of any degreed ≥ 0.
3. QUANTUM LEVI-MOVABILITY AND A DEFORMED PRODUCT IN THE QUANTUM
COHOMOLOGY OFXP
Consider a commutative and associative ringR overZ freely (additively) generated by{eu}u∈I.
Write





Consider a multigradingγ : I→ ZS, whereS is a set withm elements, such that whenevercwu,v , 0,
we have
γ(w) − γ(u) − γ(v) ≥ 0,
where an element~a = (ai)i∈S ∈ ZS is ≥ 0 if eachai ≥ 0. Introducem = |S| variablesτi, i ∈ S. For





. Define a new product⊙τ onR ⊗Z Z[τi]i∈S by
eu ⊙τ ev =
∑
τγ(w)−γ(u)−γ(v)cwu,vew.
Lemma 3.1. (1) ⊙τ is a commutative and associative ring.
(2) Putting allτi = 0 gives a commutative and associative graded ring (i.e., the product respects
the grading). More precisely, the ring structure⊙0 is given by the following:




where the sum is restricted overw such thatγ(w) = γ(u) + γ(v).
Example 3.2.The deformed product inH∗(XP) as introduced by Belkale-Kumar in [BK06] comes
from such a situation with
γ(u) = (χu(xi))αi∈SP ,
and the Schubert basis{σPw}w∈WP .
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Let X = XP be any flag variety. Recall the definition of the small quantumcohomology ofX
from Section 2. We give the definition of a certain deformation of the quantum product inX as
below.
We begin with the following result, which will be proved towards the end of this section.
Theorem 3.3.Let u1, . . . , un ∈WP andd = (ai)αi∈SP ∈ H2(X,Z) be such that〈σ
P
u1


















Consider the normalized Killing form〈 , 〉 on h∗ normalized so that〈θ, θ〉 = 2, whereθ is the
highest root ofg. This gives rise to an identification
κ : h∗ → h.





Lemma 3.4. For anyh, h′ ∈ h,
∑
α∈R
α(h)α(h′) = 2g∗〈h, h′〉,
whereg∗ := 1 + 〈ρ, θ∨〉 is the dual Coxeter number ofg.
Proof. Consider the bilinear form onh given by〈h, h′〉′ :=
∑
α∈R α(h)α(h
′). It is W-invariant and
hence it is a multiple of the original Killing form, i.e.,〈h, h′〉′ = z〈h, h′〉, for some constantz. To
calculatez,





= 4 + 2
∑
α∈R+
α(θ∨), sinceα(θ∨) ∈ {0, 1} ∀α ∈ R+ \ {θ}
= 4 + 4ρ(θ∨)
= 4g∗.

Theorem 3.3 and the general deformation principle spelled out in Lemma 3.1 allows us to give
the following deformed product in the quantum cohomology ofX.
Definition 3.5. Introduce theτ-deformation of the quantum cohomology ofX as follows:
As aZ[q, τ]-module, it is the same asH∗(X,Z) ⊗Z Z[q, τ], whereq (resp. τ) stands for multi
variables{qi}αi∈SP (resp.{τi}αi∈SP). Foru, v ∈W





















where (ford = (ai)αi∈SP)





Using Lemma 3.4 and the equation (9) (and observing that forα ∈ R+
l
, α(xi) = 0 for anyαi ∈ SP),
we get another expression:




















where the sum is restricted over thosed ≥ 0 ∈ H2(X,Z) andw ∈ WP so thatAi(u, v,w, d) = 0 for
all αi ∈ SP. We shall denote the coefficient ofqdσPwowwPo












From the general deformation principle given in Lemma 3.1, taking the multigraded function
γ = (γi)αi∈SP defined by
γi(q




for d = (a j)α j∈SP ∈ H2(X,Z),
it follows that⊛ and⊛0 give associative (and commutative) products.
Lemma 3.6. Let P be a cominuscule maximal standard parabolic subgroup ofG (i.e., the unique
simple rootαiP ∈ SP appears with coefficient1 in the highest root ofR
+). Then, the deformed
product⊛ coincides with the quantum product⋆ in H∗(XP) ⊗Z Z[qiP ].
Proof. By the definition of⊛, it suffices to show that for anyu, v,w ∈WP andd = aiP ∈ H2(X
P,Z),





(11) AiP(u, v,w, d) = 0.
SinceP is cominuscule, by [BK06], Proof of Lemma 19,

















w〉d , 0, we get (by equating the cohomological degrees on the two sides of
(8))
(14) codim(ΛPu : X
P) + codim(ΛPv : X
P) = dimΛPw + aiP · degreeqiP .




P being cominuscule). 
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3.1. The enumerative problem of small quantum cohomology in terms of principal bundles.
Let E be a principal rightG-bundle onP1. It is standard that sectionsf : P1 → E/P are in one to
one correspondence with reductions of the structure group of E t P. This correspondence works
as follows: Givenf , letP be the rightP-bundle with fiberf (x)P ⊆ Ex overx ∈ P1. It is then easy
to see that there is a canonical isomorphism of principalG-bundlesP ×P G → E. ForE = ǫG, the
trivial bundleP1 × G→ P1,
(1) Sectionsf correspond to maps̄f : P1 → XP.
(2) Forαi ∈ SP, let E(ωi) := ǫ ⊠ LP(ωi) be the corresponding line bundle onE/P = P1 × XP,
whereǫ is the trivial line bundle onP1. Then, f̄ has degreed = (ai)αi∈SP if c1( f
∗(E(ωi))) = ai
(using the identity (4)).
Let E be a principalG-bundle onP1. We want to state an enumerative problem forE that corre-
sponds to that of Definition 2.1 forE = ǫG. Fix distinct pointsb1, . . . , bn ∈ P1, u1, . . . , un ∈WP and
d = (ai)αi∈SP ≥ 0 ∈ H2(X
P). Fix general choices of̄gk ∈ Ebk/B. The enumerative problem, which
gives the Gromov-Witten numbers〈σPu1 , . . . , σ
P
un
〉d in the caseE = ǫG, is the following: Count the
number of sectionsf : P1 → E/P (count as0 if infinite), such that
(1) c1( f ∗(E(ωi))) = ai for eachαi ∈ SP, whereE(ωi) is the line bundleE ×P C−ωi onE/P.
(2) f (bk) ∈ Ebk/P and ḡk ∈ Ebk/B are in relative positionuk ∈ W
P, k = 1, . . . , n, defined as
follows. Pick a trivializatione ∈ Ebk and write f (bk) = ehkP and ḡk = egkB. Then, we want
hk ∈ gkBukP ⊆ X
P. A different choice ofe acts onhk and gk by a left multiplication and
therefore does not affect the relative position.
The above enumerative problem may be degenerate for someE.
3.2. Tangent spaces.SinceX = XP is a homogeneous space, the tangent bundleTX is globally
generated (sinceg ⊗ OX surjects ontoTX).
Fix anyαi ∈ SP. We can filterTė := T(XP)ė ≃ g/p by counting the multiplicity ofαi in the
root spaces ing/p, whereė is the base point ofX. Specifically, for anyr ≥ 1, let Ti,r ⊂ Tė be the
P-submodule spanned by the root spacesg−α of Tė such thatα(xi) ≤ r. Define theP-moduleQi,r by
the following:
0→ Ti,r → Tė → Qi,r → 0.
Let Qi,r (resp.Ti,r) be the vector bundle onX arising from theP-moduleQi,r (resp.Ti,r). Since
Qi,r are quotients ofTX, they are globally generated. Letβi :=
∑




βi, for anyαi, α j ∈ SP. Then, it is easy to see that







This is a non-negative integer sinceQi,r’s are globally generated.
3.3. Some deformation theory. LetE be a principalG-bundle on a smooth curveC and letP ⊆ G
be a parabolic subgroup. Letf : C→ E/P be a section, andP the correspondingP-bundle.
Let Z be the space of sectionsf : C → E/P. This is a subscheme of the schemeZ of maps
β : C → E/P. Let M be the scheme of mapsC → C. Then, we have the morphismφ : Z →
M, β 7→ γ ◦ β, whereγ : E/P → C is the canonical projection. By definition,Z is the fiber ofφ
over the identity mapIC.
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Lemma 3.7. For any f ∈ Z, the Zariski tangent spaceTZ f is identified withH0(C, f ∗Tv(E/P)),
whereTv is the vertical tangent bundle.
Proof. By deformation theory, the tangent space ofZ at the pointf is H0(C, f ∗T(E/P)). There is a
natural exact sequence:
0→ f ∗Tv(E/P)→ f
∗T(E/P)→ TC→ 0,
which allows us to conclude the proof. 
Let f ∈ Z (for C = P1) and letP be the corresponding principalP-bundle. Then,Z is smooth at





if H1(P1, f ∗Tv(E/P)) = 0 (which happens if, for example,E is trivial cf. [Kol96]). If Z is smooth
of the expected dimension atP then f deforms with every deformation ofE (over a complete local
ring).
We have the following simple result.
Lemma 3.8. f ∗Tv(E/P) = P ×P Tė.
Also, note that for any characterβ of P,
(16) f ∗E(β) = P ×P C−β as a bundle overC.
3.4. Tangent spaces of Schubert varieties.Let P be a principalP-bundle onP1 and x ∈ P1.
Given p̄ ∈ Px/BL and u ∈ WP, we can construct a subspaceT(p̄, u, x) ⊆ Px ×P Tė as follows.
Fix a trivialization e of Px and write p̄ = epBL. Then, the subspaceT(p̄, u, x) is defined to be
e × T(pΛPu)ė ⊆ Px ×
P Tė. A different choice of the coset representative ofp̄ or the choice ofe gives
the same subspace.
Consider the evaluation mapebk : Z → Ebk/P at bk. Fix f ∈ Z such that the corresponding
principal bundle isP. Then, the differential mapdebk on tangent spaces
H0(P1,P ×P Tė)→ T f (bk)(Ebk/P) = Pbk ×
P Tė
is the evaluation map atbk.
Fix an elementek ∈ Pbk . Since we require thatf (bk) and ḡk are in relative positionuk ∈ W
P,
we get thatḡk = ekpku−1k B, for somepk ∈ P. To prove this, observe that sincef (bk) = ekP and
ḡk = ekgkB ∈ Ebk/B are in relative positionuk, we get1 ∈ gkBukP, i.e., gkckukp
−1
k
= 1 for some
ck ∈ B andpk ∈ P. From this we see that̄gk = ekpku−1k B.
3.5. Determinant of cohomology. The determinant of cohomology of a coherent sheafF on a
curveC is the line
D(F) = det H0(C,F)∗ ⊗ det H1(C,F).
Automorphisms ofF act onD(F). For example, multiplication byt , 0 on F acts onD(F) by
t−χ(C,F), whereχ(C,F) is the Euler characteristic ofF. In the cases we consider here,F is locally
free.
Supposeχ(C,F) = 0, then, as, e.g., in [Fal93],D(F) carries a canonical elementθ(F) which is
non-vanishing if and only if
(17) H0(C,F) = H1(C,F) = 0.
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Automorphisms ofF act onD(F) preservingθ(F). In particular, if an automorphism ofF acts
non-trivially onD(F), thenθ(F) = 0.
As earlier, we have fixed distinct pointsb1, . . . , bn ∈ P1. Let ParbunP = ParbunP(d) be the
moduli-stack of quasi-parabolic principalP-bundles onP1 of degreed = (ai)αi∈SP , i.e., dataP̃ =
(P; p̄1, . . . , p̄n) such that
• P is a principalP-bundle onP1 such thatP ×P C−ωi has degreeai, for eachαi ∈ SP.
• For k = 1, . . . , n, p̄k ∈ Pbk/BL.
3.6. Transversality. For anyP̃ = (P; p̄1, . . . , p̄n) ∈ ParbunP(d) andu1, . . . , un ∈ WP satisfying
the equation (7), define a locally free sheafK = K(P̃) onP1 by the exact sequence coming from
the evaluation map:









whereibk is the embeddingbk →֒ P
1. Note that the Euler characteristic ofP ×P Tė equalsdim X +
∫
d







by the condition (7).
Hence,K has zero Euler characteristic. The transversality condition onP̃ is the requirement that
K has non-vanishingθ-sectionθ(K) ∈ D(K). Note that this sort of reformulation of transversality
appears in [Bel04b,Bel08,BK06], and (in a related situation) n [Bel08b].
Define a line bundleR on ParbunP such that its fiber over a quasi-parabolicP̃ is D(K(P̃)). The
line bundleR admits a canonical sectionθ given by
θ(P̃) = θ(K(P̃)).
Remark3.9. Note that ifθ does not vanish at a quasi-parabolicP̃ then, since
H0(P1,K) = H1(P1,K) = 0 by the identity (17),
we getH1(P1,P×P Tė) = 0 from the long exact cohomology sequence associated to the sheaf exact
sequence (18).
3.7. The space ofP-subbundles of aG-bundle. Let ParbunG be the moduli-stack of quasi-
parabolic principalG-bundles onP1, i.e., dataẼ = (E; ḡ1, . . . , ḡn), whereE is a principalG-bundle
onP1 andḡk ∈ Ebk/B.
For anyẼ ∈ ParbunG, a standard parabolicP, elementsu1, . . . , un ∈WP and degreed = (ai)αi∈SP ,
define the schemesZd(E) andZ′d(Ẽ) as follows:
Zd(E) is the space of sections ofE/P of degreed.
Z′d(Ẽ) = Z
′
d(Ẽ; u1, . . . , un) := { f ∈ Zd(E) : f (bk) and ḡk are in relative positionuk ∀1 ≤ k ≤ n}.
Then, for anyf ∈ Zd(E), the Zariski tangent space
T(Zd(E)) f = H
0(P1,P( f ) ×P Tė),
whereP( f ) is the P-subbundle ofE associated tof . Thus, f ∈ Zd(E) is a smooth point if
H1(P1,P( f ) ×P Tė) = 0.
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For any f ∈ Z′
d
(Ẽ), we have the canonical morphism
φ f : H








induced from the evaluation mapsebk : Zd(E)→ Ebk/P at bk, wherep̄k is any element ofP( f )bk/BL
such thatḡkBukP = p̄kΛuk. (Observe that̄pk is unique modulo the stabilizer ofΛuk in P.) Then, for
any f ∈ Z′
d
(Ẽ), the Zariski tangent space
(19) T(Z′d(Ẽ)) f = kerφ f .
Lemma 3.10.Let u1, . . . , un ∈WP and non-negatived = (ai)αi∈SP ∈ H2(X,Z). Then, the following
are equivalent under the condition(7).
(a) 〈σPu1 , σ
P
u2
, . . . , σPun〉d , 0,










(c) The sectionθ ∈ H0(ParbunP(d),R) is nonzero.
Remark3.11. Observe that the sectionθ on a quasi-parabolic̃P does not vanish if and only if
the evaluation map as in (b) of the above lemma is an isomorphism. In particular, in this case,
H1(P1,P ×P Tė) = 0. (To prove this, use the identity (17) and the fact thatχ(P1,K) = 0.)
Proof. (of Lemma 3.10) We first prove(a) =⇒ (b): Let Zd be the spaceZd(ǫG), whereǫG is the
trivial G-bundle onP1, i.e., Zd is the space of all mapsf : P1 → X of degreed. Then,Zd is a
smooth variety of dimension= dim X +
∫
d
c1(TX). Let {ḡk}1≤k≤n be general points ofG/B. Then,




(ǫ̃G; u1, . . . , un), whereǫ̃G = (ǫG; ḡ1, . . . , ḡn) is the
quasi-parabolicG-bundle onP1. Moreover, the subschemeZ′
d





being finite and reduced, we get thatφ f is injective by the equation (19). Now, by the
condition (7), the dimension of the domain is at least as muchas the dimension of the range ofφ f
(sinceχ(P1,P( f ) ×P Tė) = dim X +
∫
P1
c1(TX)). Hence, being injective,φ f is an isomorphism,
proving (b).
(b) =⇒ (c): If the condition (b) holds for̃P , thenH0(P1,K(P̃)) = 0. But, sinceχ(P1,K(P̃)) = 0,
we get thatH1(P1,K(P̃)) = 0. Hence, as in§3.5,θ(K(P̃)) , 0, proving (c).
(c) =⇒ (a): SupposeP̃ = (P; p̄1, . . . , p̄n) is in ParbunP(d) such thatθ(K(P̃)) , 0. Let E =
P ×P G be the corresponding principalG-bundle. The reduction ofE to P gives rise to the section
f : P1 → E/P of degreed. Consider the elements:
ḡk = p̄ku
−1
k B ∈ Ebk/B.
(Observe that̄gk does not depend upon the choice ofp̄k in its BL-orbit by the identity (3).) Then,
f (bk) andḡk ∈ Ebk/B are in relative positionuk. To see this, letek be a trivialization ofPbk and write
p̄k = ekpk. Then, f (bk) = ekP and ḡk = ekpku−1k B.




(Ẽ), whereẼ = (E; ḡ1, . . . , ḡk). By Subsection 3.7, the Zariski tangent space to
Z′
d
at f is equal toH0(P1,K(P̃)), which is zero by assumption. By Remark 3.11,H1(P ×P Tė) = 0.
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Consider a one parameter family of deformationsẼt = (Et; ḡ1(t), . . . , ḡn(t)) parameterized by a
smooth curveS so that at a marked point0 ∈ S, Ẽ0 = Ẽ and the underlying bundleEt is trivial for
generalt ∈ S. We then have familiesπ : Zd → S andπ′ : Z′d → S overS with fiber Zd(Et) and
Z′
d
(Ẽt) respectively. Thus,f ∈ Z′0. We claim thatπ
′ is a dominant morphism of relative dimension
zero atf :
Observe first thatπ is smooth atf using the fact (noted above) thatH1(P ×P Tė) = 0. Since
θ(K(P̃)) , 0, there exists a neighborhood ofP̃ in Zd such that for anỹQ in the neighborhood,
θ(K(Q̃)) , 0. Moreover, restricted to this neighborhood,π is a smooth morphism andπ′ has
finite fibers. Choose a liftgk of ḡk, i.e., a sectiongk : S → ∪tEt such thatgk(t) ∈ Et is a lift of
ḡk(t) ∈ Et/B. This is, of course, possible replacingS (if needed) by a smaller étale neighborhood of
0 ∈ S. Thus, there is a neighborhoodZo
d
of f in Zd and a morphism
β : Zod → (X
P)n, β(Q̃) = (hkP)1≤k≤n,
wherehkP is the unique element such thatgk(π(Q̃)) ∈ Q̃bkh
−1
k
















→ S has finite fibers.
From the definition ofZ′
d








SinceXP is smooth,CPu1 × · · · × C
P
un
is locally defined by exactlyr equations, wherer is the codi-
mension ofCPu1 × · · · × C
P
un
in (XP)n. Hence, by [Har77, Exercise 3.22, Chap. II],
dim f (Z
′






codim CPuk = 1,
where the last equality follows sinceφ f (defined in Subsection 3.7) is an isomorphism andπ is a














→ S is a dominant
morphism. This proves (a). 
Remark3.12. Even though we do not need, the mapπ′ : Z′
d
→ S is, in fact, a flat morphism in a
neighborhood off (with fiber dimension0).
Similarly, letParbunL = ParbunL(d) be the moduli-stack of quasi-parabolic principalL-bundles
onP1 of degreed, i.e., dataL̃ = (L; l̄1, . . . , l̄n) such that
• L is a principalL-bundle onP1 such thatL ×L C−ωi has degreeai for eachαi ∈ SP.
• For k = 1, . . . , n, l̄k ∈ Lbk/BL.
There is a canonical morphism of stacksφ : ParbunL → ParbunP. Similar to the definition
of the theta bundleθ on ParbunP, we can define the theta bundleθ′ on ParbunL. From the
functoriality of the theta bundles, it is easy to see that
φ∗(θ) = θ′.
We have the following crucial definition.
Definition 3.13. We call(u1, . . . , un; d) quantum Levi-movableif θ′ does not vanish identically on
ParbunL.
We have the following key proposition.
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Proposition 3.14.Consider a quasi-parabolicL-bundleL̃ = (L; l̄1, . . . , l̄n) of degreed. Letφ(L̃) =
P̃ = (P, l̄1, . . . , l̄n) be the corresponding point ofParbunP. Then, the central one parameter sub-
grouptx̄i of L corresponding tōxi, αi ∈ SP, acts onD(K(P̃)) by multiplication bytµi, where



























)∗ by t−χuk (x̄i).We next calculate the action oftx̄i on
D(P ×P Tė):
Let V be a vector bundle onP1, and letT : V → V be the multiplication by the scalarc−1 on
fibers. Then, clearly,T acts onD(V) by the scalec raised to the exponent
χ(P1,V) = rkV + degV.
Suppose the vector bundleP ×P Tė is filtered with the associated graded pieces being the vector




This allows us to reduce the calculation of the action oftx̄i on D(P ×P Tė) using the filtration ofTė
given in Subsection 3.2. The desiredVr are the quotientsTi,r/Ti,r−1. Now, use the formula (15).
Finally, it is easy to see that
∑
r rkVr = χe(x̄i). Combining these, we get the proposition. 
Theorem 3.15.The following are equivalent:
(a) (u1, . . . , un; d) is quantum Levi-movable.
(b) 〈σPu1 , σ
P
u2
, . . . , σPun〉d , 0 and









(c) 〈σPu1 , σ
P
u2
, . . . , σPun〉
⊛0
d
, 0, where〈σPu1 , σ
P
u2
, . . . , σPun〉
⊛0
d









3.8. Proofs of Theorems 3.3 and 3.15.Fix an elementx =
∑
αi∈SP dix̄i ∈ h such that eachdi is
a strictly positive integer. Then,tx is a central one parameter subgroup ofL; in particular, it is
contained inBL. For anyt ∈ Gm, define the conjugationφt : P→ P, p 7→ txpt−x. This extends to a
group homomorphismφ0 : P→ L ⊂ P, giving rise to a regular mapφ : P×A1 → P, extending the
map(p, t) 7→ φt(p), for p ∈ P andt ∈ Gm. Clearly,φt |L = IL, for all t ∈ A
1, whereIL is the identity
map ofL.
LetP be a principalP-bundle. Define a family of principalP-bundlesPt parameterized byt ∈ A1,
wherePt is the principalP-bundle induced byP via φt, i.e.,Pt = P ×P,φt P. Since, the image of
φ0 is contained inL, we get a principalL-bundleL from P via the homomorphismφ0. Clearly,
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P0 = L ×
L P. We writeGr(P) = L ×L P. We will refer to this as theLevification process. So, we
have found a degeneration ofP to Gr(P) parameterized byt ∈ A1.
If p̄k ∈ Pbk/BL, we canonically havēpk(t) ∈ (Pt)bk/BL, for anyt ∈ A
1, defined as̄pk(t) = φt∗(p̄k).
At t = 0, the image is inLbk/BL.
We therefore have aGm-equivariant line bundleD(Kt) onA1. Furthermore, we have aGm-
equivariant sectionθ(Kt) of D(Kt). The following statement is immediate (cf. Proposition 10 in
[BK06]).
Lemma 3.16. Let Gm act onA1 by multiplication. LetR be aGm-equivariant line bundle on
A1 with a Gm-invariant sections. SupposeGm acts on the fiberR0 over 0 by multiplication by
tµ, µ ∈ Z, i.e., the Mumford indexµR(t, λo) = µ, for any t ∈ A1, whereλo is the one parameter
subgroupz 7→ z. Then,
(a) If s , 0, thenµ ≥ 0.
(b) If µ = 0 ands , 0, thens(0) , 0 ∈ R0.
3.8.1. Proof of Theorem 3.3.Assume that〈σPu1 , σ
P
u2
, . . . , σPun〉d , 0. Then, by Lemma 3.10, the
sectionθ ∈ H0(ParbunP,R) is nonzero. Let̃P = (P; p̄1, . . . , p̄n) be a quasi-parabolicP-bundle in
ParbunP such thatθ(P̃) , 0. Considering the one parameter degenerationP̃t as above and using
Lemma 3.16 and Proposition 3.14, we get that
∑
αi∈SP
diµi ≥ 0, for any strictly positive integersdi,
where









From this we conclude that eachµi ≥ 0. This proves Theorem 3.3.
3.8.2. Proof of Theorem 3.15.We first prove(a) =⇒ (b):
Take a quasi-parabolicL-bundleL̃ = (L; l̄1, . . . , l̄n) ∈ ParbunL(d) such thatθ′(L̃) , 0. Let
P̃ = φ(L̃) = (P; l̄1, . . . , l̄n) be the corresponding point ofParbunP. Hence,θ does not vanish at
the quasi-parabolic̃P. The right multiplication by theL-central one parameter subgroupstx̄i , for
αi ∈ SP, induces an automorphism of the quasi-parabolicL-bundleL̃ and hence that of̃P. These
should act trivially onθ(P̃), and hence ifθ(P̃) , 0, we get that x̄i acts trivially onD(K(P̃)) (cf. §
3.5). Hence, we obtain that (a) implies (20) by using Proposition 3.14. Further, by Lemma 3.10, we
get that〈σPu1 , σ
P
u2
, . . . , σPun〉d , 0. This proves (b).
For the reverse direction, by Lemma 3.10, assume thatθ is non-vanishing on a quasi-parabolic
P̃. Performing the above degeneration, we find the desired conclusion using Lemma 3.16 (b) and
Proposition 3.14. The equivalence of (b) and (c) follows from the definition of⊛0. This proves
Theorem 3.15.
4. DETERMINATION OF THE MULTIPLICATIVE EIGEN POLYTOPE IN TERMSOF THE DEFORMED
QUANTUM COHOMOLOGY
Let G be a simple, connected, simply-connected complex algebraic g oup.
Consider thefundamental alcoveA ⊂ h defined by
A =
{




whereθ is the highest root ofg. Then,A parameterizes theK-conjugacy classes ofK under the
mapC : A → K/Ad K,
µ 7→ c(Exp(2πiµ)),
whereK is a maximal compact subgroup ofG andc(Exp(2πiµ)) denotes theK-conjugacy class of
Exp(2πiµ). Fix a positive integern ≥ 2 and define themultiplicative eigen polytope
Cn :=
{
(µ1, . . . , µn) ∈ A
n : 1 ∈ C(µ1) . . .C(µn)
}
.
Then, it is known thatCn is a rational convex polytope with nonempty interior inhn (cf. [MW98,
Corollary 4.13]). Our aim is to describe the facets (i.e., the codimension one faces) ofCn.
The following theorem is one of our main results. In the caseG = SL2, it was proved by
Biswas [Bis98]. ForG = SLm, it was proved by Belkale [Bel01] (and a slightly weaker result by
Agnihotri-Woodward [AW98]). (Observe that forG = SLm, by Lemma 3.6, the deformed quantum
cohomology coincides with the quantum cohomology ofG/P for maximalP.)
Theorem 4.1.Let (µ1, . . . , µn) ∈ A n. Then, the following are equivalent:
(a) (µ1, . . . , µn) ∈ Cn,
(b) For any standard maximal parabolic subgroupP of G, anyu1, . . . , un ∈ WP, and anyd ≥ 0
such that the deformed small quantum cohomology (Gromov-Witten) invariant (cf. Definition 3.5
and Theorem 3.15 (c))
















k µk) ≤ d,
whereωP is the fundamental weightωiP such thatαiP is the unique simple root inSP.
Proof. (a)⇒ (b): In fact, as proved in [TW03], for anyu1, . . . , un ∈ WP and anyd ≥ 0 such
that the tuple(P; u1, . . . , un; d) is quantum non-null (see Definition 2.2), the inequalityI P(u1,...,un;d)
is satisfied. We include a proof for completeness. SinceCn is a rational polytope with nonempty
interior in hn, we can assume that eachµk is regular (i.e., eachαi(µk) > 0), rational (i.e., each
αi(µk) ∈ Q) andθ(µk) < 1. As in earlier sections, fix distinct pointsb1, . . . , bn ∈ P1 and letMG(~µ)
be the parabolic moduli space of parabolic semistable princi al G-bundles overP1 with parabolic
weights~µ = (µ1, . . . , µn) associated to the points(b1, . . . , bn) respectively. We follow the version of
MG(~µ) from [TW03,§2.6].
By the generalization of the Mehta-Seshadri theorem [MS80]to arbitrary groups (cf. [TW03,
Theorem 3.3]; [BR89]), the assumption (a) is equivalent to the assumption that the moduli space
MG(~µ) is nonempty. By [TW03, Proposition 4.2],MG(~µ) is nonempty if and only if the trivial
bundleǫG : P1 × G → P1 with general parabolic structures at the marked pointsb1, . . . , bn is
parabolic semistable.
Let u1, . . . , un ∈ WP andd ≥ 0 be such that(P; u1, . . . , un; d) is quantum non-null. Hence, there
exists a morphismf : P1 → XP of degreed such thatf (bk) ∈ gkCPuk , for generalg1, . . . , gn ∈ G,
whereCPuk := BukP/P is the Schubert cell. Since(g1, . . . , gn) ∈ G
n are general, we can assume
that the trivial bundleǫG with parabolic structuregkB at bk and weightsµk is parabolic semistable
(we have used the assumption that eachµk is regular). In particular, for the parabolic reduction
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k µk) ≤ 0,
sinceuk ∈ WP ≃ W/WP is the relative position ofσ(bk) = f (bk) and gkB, where the line bundle








k µk) ≤ d.
This proves the (b)-part. We prove the implication ‘(b)⇒ (a)’ below. 
Remark4.2. As shown by [TW03], the above argument shows that the inequalities I P
(u1,...,un;d)
, in
fact, determine the polytopeCn ⊂ A n provided we runP through standard maximal parabolic
subgroups and(u1, . . . , un; d) ∈ (WP)n ×Z+ such that(P; u1, . . . , un; d) is quantum non-null.
Before we come to the proof of the implication ‘(b)⇒ (a)’ in Theorem 4.1, we need to review
the canonical reduction of parabolicG-bundles.
4.1. Canonical reduction of parabolicG-bundles. Let us fix parabolic weights~µ = (µ1, . . . , µn) ∈
A n associated to the pointsb1, . . . , bn ∈ P1 respectively. We further assume that eachµk is rational,
regular andθ(µk) < 1. Fix a positive integerN such thatNµk belongs to the coroot lattice ofG for
all k. Let Γ := Z/(N) be the cyclic group of orderN. We fix a generatorγo ∈ Γ. Now, take an
irreducible smooth curveC with an action ofΓ on C and aΓ-equivariant morphismπ : C → P1
(with the trivial action ofΓ onP1) satisfying the following:
(a)π−1(bk) is a single point̃bk, for all k,
(b) Γ acts freely on a nonempty open subset ofC, and
(c) the mapπ induces an isomorphismC/Γ ≃ P1.
Following Teleman-Woodward [TW03, Section 2.2], for anyΓ-equivariantG-bundleE on C,
such that at the points̃xk, the generator ofΓ acts via the conjugacy class ofExp(2πiµk) , we
construct a quasi-parabolicG-bundleẼ = (E; ḡ1, . . . , ḡn) onP1 as follows.
For simplicity, we give the construction in the analytic category; the construction in the algebraic
category is similar.
Choose a small enough analytic open neighborhoodUk of bk in P1 and a coordinatez in Ũk :=
π−1(Uk) such that the mapπ : Ũk → Uk is given byz 7→ zN and, moreover, the action of the
generatorγo ∈ Γ on Ũk is given byz 7→ e2πi/Nz. Moreover, by [HK95, Section 11], we can choose
Uk small enough so that there is aΓ-equivariant analytic isomorphismθk : E|Ũk → Ũk×G such that
γo acts onŨk ×G via
γo(z, g) = (e
2πi/Nz,Exp(2πiµk)g).
Let E−Nµk denote the set ofΓ-invariant meromorphic sectionsσ : Ũk → E|Ũk such thatz
−Nµk · σ is
regular onŨk. Then,σk : Ũk → E|Ũk , given byσk(z) = (z, z
Nµk) (under the above isomorphismθk)
is a section contained inE−Nµk.
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As in [TW03, Section 2.2], there is a principalG-bundleE overP1 isomorphic toΓ\E over
C \ {b̃, . . . , b̃n} and such thatE−Nµk is the set of sections ofE over Uk. Moreover, the section
σk evaluated atbk provides a parabolic reduction̄gk of the fiberEbk/B. (We have used here the
assumption thatµk’s are regular.) Thus, for anyΓ-equivariantG-bundleE on C, such that at the
points x̃k, the generator ofΓ acts via the conjugacy class ofExp(2πiµk), we have constructed a
quasi-parabolicG-bundleẼ = (E; ḡ1, . . . , ḡn) onP1.
Let P be a standard parabolic subgroup ofG. From the above construction, it is clear that any
Γ-equivariant principalP-subbundle ofE canonically gives rise to aP-subbundle ofE.
Let BunΓG(C) = Bun
Γ,~µ
G
(C) be the moduli stack ofΓ-equivariant principalG-bundles onC, such
that at the points̃xk, the generator ofΓ acts via the conjugacy class ofExp(2πiµk).
For a parabolic reductionEP of E ∈ Bun
Γ
G(C) to P, we have the notion of degreedeg(EP) :=
(ai)αi∈SP ∈ H2(X
P,Z), whereai is the degree ofEP ×P C−ωi. Similarly, for a parabolic reductioñEP
of a quasi-parabolicG-bundleẼ = (E; ḡ1, . . . , ḡn) onP1, one defines the parabolic degree
pardeg(ẼP) := (bi)αi∈SP ∈ H2(X
P,Z),





µk) anduk ∈ WP is the relative position ofEP(bk) and
ḡk.
We summarize this correspondence in the following result due to Teleman-Woodward [TW03,
Theorem 2.3].
Theorem 4.3.There is an isomorphism of stacks:
BunΓG(C)→ ParbunG
takingE 7→ Ẽ, whereParbunG is as defined in Subsection 3.7.
Moreover, theΓ-equivariant reductions of anyE ∈ BunΓG(C) to a parabolic subgroupP of G
correspond bijectively to the reductions ofẼ to P.
Further, for anyΓ-equivariant reductionEP of E,
(21) deg(EP) = N pardeg(ẼP),
whereẼP is the corresponding reduction ofẼ.
Definition 4.4. Let Ẽ be a quasi-parabolicG-bundle onP1 with parabolic weights~µ assigned to the
marked pointsb1, . . . , bn as in Subsection 4.1. Then, a reductionσP(Ẽ) of Ẽ to a standard parabolic
subgroupP is calledparabolic canonicalif the correspondingΓ-equivariant parabolic reduction
σE of the corresponding (Γ-equivariant)G-bundleE over C is canonical. (Observe that, by the
uniqueness of the canonical reduction of anyG-bundle overC as in [BH05, Theorem 4.1],σE is
unique; in particular, from theΓ-equivariance ofE, we get thatσE is Γ-equivariant.)
By the uniqueness ofσE, we get that the parabolic canonical reductionσP(Ẽ) of Ẽ is unique.
In fact, σP(Ẽ) does not admit any infinitesimal deformations either. More pr cisely, we have the
following result:
Lemma 4.5. Let Ẽ = (E; ḡ1, . . . , ḡn) be a quasi-parabolicG-bundle onP1 with parabolic weights
~µ assigned to the marked pointsb1, . . . , bn and letσP(Ẽ) be its canonical reduction (to the parabolic
subgroupP) of degreed. Letuk ∈WP be the relative position ofσP(Ẽ)(bk) andḡk, for any1 ≤ k ≤ n.




(Ẽ; u1, . . . , un) as in Subsection 3.7,σP(Ẽ) ∈ Z′d(Ẽ). Then,
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σP(Ẽ) is the unique point ofZ′d(Ẽ) and, moreover, it is a reduced point, i.e., the Zariski tangent space
T(Z′d(Ẽ))σP(Ẽ) = 0.
Proof. To prove that the schemeZ′
d
(Ẽ) contains the unique closed pointσP(Ẽ), use the fact that the
canonical reductionσE of a G-bundle onC is completely characterized by the degree (cf. [BH05,
Proposition 3.1]). Now, use the correspondence as in Theorem 4.3 and the degree comparisons as
in the equation (21).
We now prove thatσP(Ẽ) is a reduced point ofZ′d(Ẽ). If Z
′
d
(Ẽ) were to possess any infinitesimal
deformations atσP(Ẽ), then so would the canonical reductionσE on the curveC. But, according to a
result of Heinloth [Hei08, Theorem 1], the canonical reduction of a principalG-bundle on a smooth
curve does not have any infinitesimal deformations. We are therefore done by the equivalence of
stacks as in Theorem 4.3. 
Now, we are ready to prove the other direction of Theorem 4.1.
Proof. (b)⇒ (a) in Theorem 4.1: LetI P
(u1,...,un;d)
be a facet ofCn for some standard maximal para-
bolic subgroupP and(u1, . . . , un; d) ∈ (WP)n ×Z+ such that(P; u1, . . . , un; d) is quantum non-null.
Any facet ofCn is of this form by Remark 4.2.
Take a rational regular element~µ = (µ1, . . . , µn) ∈ A n (i.e., eachµk is rational, regular and
θ(µk) < 1) such that~µ doesnotsatisfy the inequalityI P(u1,...,un;d), but satisfies every other inequality
defining the other facets ofCn. Since~µ < Cn, the corresponding parabolic moduli spaceMG(~µ) is
empty. Hence, the trivial bundleǫG with any parabolic structuregk = gkB at bk (and weightsµk)
is not semistable. We fix some general elementsgk ∈ G/B and consider the parabolic bundle (with
weights~µ) Ẽ = (E = ǫG, g), whereg := (g1, . . . , gn). SinceẼ is unstable (i.e., non-semistable),
the canonical parabolic reductionσQ(Ẽ) (to a standard parabolic subgroupQ) does not satisfy the












k µk) > 0,




defines a facet ofCn, whered′ := deg(σQ(Ẽ)∗(E(ωQ′))). By our choice of~µ, among
the inequalities coming from the facets, since~µ only violates the inequalityI P
(u1,...,un;d)
, we get the
following:
(A1) Q′ = P and henceQ = P,
(A2) eachvk = uk, and
(A3) d′ = d.
We next claim that
(22) 〈σPu1 , . . . , σ
P
un
〉d = 1 :
By (A1) - (A3), the parabolic degree ofσP(Ẽ) is given by








Since the canonical reductionσP(Ẽ) is the only reduction of̃E to P with the parabolic degree that
of σP(Ẽ) (cf. Lemma 4.5), we get that〈σPu1 , . . . , σ
P
un
〉d = 1. This proves (22) (which was already
proved in [TW03]). We now come to the new part which is that






i.e., in view of (22) and Theorem 3.15,(u1, . . . , un; d) is quantum Levi-movable:
Choose a trivialization̄pk of σP(Ẽ)bk/BL so that ḡkBukP = p̄kΛuk . (Observe that̄pk is unique
modulo the stabilizer ofΛuk .) Consider the familỹσP(Ẽ)t = (σP(Ẽ)t; p̄1(t), . . . , p̄n(t)) of quasi-
parabolicP-bundles onP1 parameterized byt ∈ A1, defined in§3.8, where we takex = x̄P.
It is easy to see that, as quasi-parabolicP-bundles,
(24) σ̃P(Ẽ)t ≃ σ̃P(Ẽ), for t , 0.
Let Ẽ0 denote the parabolicG-bundle obtained fromσP(Ẽ)0 via the extension of the structure
groupP →֒ G and the parabolic structuresp1(0)u−11 B, . . . , pn(0)u
−1
n B at the pointsb1, . . . , bn onP
1
(and with the same parabolic weightsµk at bk). Then, we assert that the canonical reduction ofẼ0
coincides withσ̃P(Ẽ)0.
To prove this, observe first that for any parabolicG-bundleẼ on P1 that corresponds to aΓ-
equivariant principalG-bundleE on C (via the correspondence of Theorem 4.3) and any reduction
EP of E to a parabolic subgroupP and the corresponding reductionẼP, the deformations(EP)t and
(ẼP)t overt ∈ A1 (defined in Subsection 3.8 forx = x̄P) correspond. Further, from the characteri-
zation of the canonical reduction of (non-parabolic)G-bundles onC as in [BH05, Proposition 3.1],
we see thatσP(E)0 is the canonical reduction ofE0, whereE0 is theG-bundle onC obtained from
σP(E)0 via the extension of the structure groupP →֒ G. Combining these, we get that the canonical
reduction ofẼ0 coincides withσ̃P(Ẽ)0.
Finally, we come to the proof of the equation (23):
By the last assertion, the quasi-parabolicG-bundleẼ0 comes from a quasi-parabolicL-bundle
L̃ of degreed by extension of the structure groupL →֒ G. Further, by Lemma 4.5,Z′
d
(Ẽ0) is a
reduced scheme of dimension0 at L̃ ×L G. Thus,θ′(L̃) , 0. This proves the equation (23) and
hence Theorem 4.1 is proved. 
5. EIGENVALUE PROBLEM AND GLOBAL SECTIONS OF LINE BUNDLES ON MODULI SPACES
Recall the definition of the quasi-parabolic moduli stackParbunG from Subsection 3.7.
Definition 5.1. For any weightλ ∈ X(H) and 1 ≤ k ≤ n, define the line bundleLk(λ) over
ParbunG, that assigns tõE = (E; ḡ1, . . . , ḡn) ∈ ParbunG the line which is the fiber of the line
bundleEbk ×
B C−λ → Ebk/B over the pointḡk.
Therefore, given weights~λ = (λ1, . . . , λn) and an integerm, we can form the line bundleM(~λ,m)
overParbunG defined by
M(~λ,m) := Dm ⊗ (⊗nk=1Lk(λk)),
where the determinant line bundleD overParbunG assigns tõE the determinant of cohomology
line D(E ×G g).
This line bundle should be considered to be at level2g∗m, whereg∗ is the dual Coxeter number
(defined in Lemma 3.4) ofg (cf. [KNR94, Theorem 5.4 and Lemma 5.2]).
A dominant integral weightλ is said to be oflevela nonnegative integerd if λ(θ∨) ≤ d.
20
Theorem 5.2. Let m > 0 and let~λ = (λ1, . . . , λn) be dominant regular integral weights each of
level< 2g∗m. Then, the following are equivalent:









) lies inCn, whereλ∗k := κ(λk) andκ is defined in Section 3.
Proof. We first prove (a)⇒ (b):
Assume that there is a non-vanishing global section inH0(ParbunG,M(~λ,m)r), non-vanishing at
a pointẼ = (E; ḡ1, . . . , ḡn) of ParbunG. As in the proof of Lemma 3.10, consider a one parameter
family of deformationsẼt = (Et; ḡ1(t), . . . , ḡn(t)) in ParbunG parameterized by a smooth curve
S so that at a marked point0 ∈ S, Ẽ0 = Ẽ and the underlying bundleEt is trivial for general
t ∈ S. Thus, we can assume thatE is the trivial bundleǫG and (ḡ1, . . . , ḡn) are general points
of (G/B)n. To prove (b), by [TW03, Proposition 4.4], it suffices to showthat for any reduction
P̃ = (P; p̄1, . . . , p̄n) ∈ ParbunP(d) of (ǫG; ḡ1, . . . , ḡn) to a standard maximal parabolic subgroupP












As in Subsection 3.8, induced by the conjugationφt : P → P, p 7→ tx̄Ppt−x̄P , P̃ admits a one
parameter family of deformations̃Pt = (Pt; p̄1(t), . . . , p̄n(t)) ∈ ParbunP(d) (t ∈ A1), such that
P̃1 = P̃ andP̃0 comes from the extension of a parabolicL-bundleL̃ = (L; l̄1, . . . , l̄n) ∈ ParbunL(d).
This gives rise to a morphism
β : A1 → ParbunG, t 7→ Ẽt = (Et : Pt ×
P G; ḡ1(t), . . . , ḡn(t)),
whereḡk(t) := p̄k(t)u−1k B. Pulling back the line bundleM(
~λ,m)r via β, we get aGm-equivariant line
bundle (denoted)M overA1 with a nonzero section, whereGm acts onA1 via multiplication. We
now calculate the action ofGm on the fiber ofM over0:
We first calculate theGm-action onD(L ×L g). Decomposeg into eigenspacesgγ such that the
L-central one parameter subgrouptx̄P acts ongγ by multiplication byt−γ. Then the desired action is
by t raised to the exponent
∑
γ














The last equality follows from Lemma 3.4.
It is easy to see that the action oftx̄P on the fiberLk(λk)L̃ of Lk(λk) overL̃ is given by the exponent
−(u−1
k
λk)(x̄P). Thus, combining the equation (26) with the above expression of the action oftȳP on
the fiberLk(λk)L̃, we get that the action oft
x̄P on the fiber ofM over0 is given by the exponent








But, by Lemma 3.16,µ ≥ 0. From this and the equation (9), we get the equation (25). Thisproves
the (b)-part of the proposition.
Proof of ‘(b)⇒ (a)’: By assumption, eachλ∗
k
/2g∗m is a rational, regular element ofA with
θ(λ∗
k
/2g∗m) < 1. Let ~µ = (λ∗
1
/2g∗m, . . . , λ∗n/2g
∗m). Assign these weights to the parabolic points
of P1. By the assumption (b), the semistable parabolic moduli space of parabolicG-bundles onP1
(corresponding to the weights~µ) is non-empty. Let̃E be a semistable parabolic bundle onP1 with
the given weights. Under the ramified cover correspondence as in Theorem 4.3,̃E corresponds to
a semistable (Γ-equivariant) principalG-bundleE′ on a (suitable) ramified coverC of P1 under the
map f : ParbunG → BunG(C) (which is the inverse of the isomorphism of Theorem 4.3), where
BunG(C) is the moduli stack of (non-parabolic) principalG-bundles onC. LetDC be the line bundle






Since ourE′ is semistable, there is a global sections ∈ H0(BunG(C),DrC) for a suitabler > 0 which
is non-vanishing atE′:
This follows from the isomorphism (cf. [LS97,§9.3]; by takingN large enough we can insure







whereΘad is the theta bundle on the modulispaceMG(C) of semistable principalG-bundles onC
associate to the adjoint representation ofG. Further, sinceMG(C) is a projective variety and the
Picard group Pic (MG(C)) ≃ Z (cf. [KN97, Theorem 2.4]), we get thatΘad is ample and hence
there existss′ ∈ H0(MG(C),Θrad), for large enoughr, such thats
′(E′) , 0.
Therefore, the pull-back of this section toParbunG is non-vanishing at̃E. So, to finish the proof
of (a), we need to know thatf ∗Dm
C
equals some power ofM(~λ,m), which follows from Proposition
6.4 (replacingr by rm). 
Remark5.3. (1) By [LS97,§8.9], the condition (a) in the above theorem is equivalent tothe non-
vanishing of the space of conformal blocks onP1 associated to the weightsr~λ at level2rg∗m.
(2) For the implication ‘(a)⇒ (b)’ in the above proposition, we do not need to assume that eachλk
is regular in our above proof (since we verified all necessaryinequalities). Also, the implication ‘(b)
⇒ (a)’ is true without this restriction using [BS10] as we explain below. The mapf̃ : ParbunG →
BunΓG(C) exists (as in Section 6 below) even without the assumption ofregularity (and the level
is allowed to equal2g∗m). It follows from [BS10] that f̃ is surjective on objects [BS10, Theorem
4.1.5]. Therefore it remains to show that there is a point ofBunΓG(C) which maps to a semistable
point ofBunG(C). We can construct this point by considering the principalG-bundle corresponding
to the local system (ofK-spaces) in (b) pulled up toC and extended over the punctures (where the
local monodromies are trivial). Since thisΓ-equivariant bundle comes from a representation of the
fundamental group ofC in K, it is semistable by Ramanathan’s generalization of the Narasimhan-
Seshadri theorem.
22
6. COMPARISON OF DETERMINANTS OF COHOMOLOGY UNDER AN ELEMENTARY
MODIFICATION
Let G be a connected reductive group in this section. The calculation will be applied to the
simple groups of the earlier sections as well as their Levi subgroups. We analyze the effect of an
“elementary modification” on determinants of cohomology.
Let E be a principalG-bundle on a smooth irreducible projective curveC. Let 0 ∈ C with formal
parameterz. Fix a sections ∈ E(D), i.e., a trivializations of E over the formal discD at 0. For
h ∈ h such thatexp(2πih) = 1, consider the mapℓ : D→ H given byℓ(z) = zh, whereh is the Lie
algebra of a maximal torusH of G.
Consider a new principalG-bundleE′ = Eℓ which coincides withE outside of0. Sections ofE′
over D are meromorphic sectionssa(z) of E over D such thatℓ(z)a(z) is regular at0. We have a
sections′ = sℓ(z)−1 of E′ overD. Now, consider a representationG→ GL(V). DecomposeV into
eigenspaces under the action ofH:
V = ⊕γ∈A⊂X(H)Vγ,
whereA ⊂ X(H) is defined to be the subset such thatVγ , 0. We assume thatA is symmetric
under taking negatives.
We want to compare the determinants of cohomologies ofE ×G V andE′ ×G V. With our data,
overD, we can write as a trivial vector bundle:
(28) E ×G V = ⊕γ(O(D)s) ⊗Vγ = ⊕γLγ, andE
′ ×G V = ⊕γ(z
−hO(D)s) ⊗ Vγ = ⊕γL
′
γ,
under the meromorphic identification ofLγ with L′γ overD.
Definition 6.1. LetV andV′ be vector bundles overC which are identified outside of0. Then, as in
[BBE02], there is a well defined line[V : V′] (which formally stands fordet(V/V′)) and a canonical
isomorphism
(29) D(V′) = D(V) ⊗ [V : V′].
To define it, find a large positivek so thatV(k) ⊃ V′ and set
[V : V′] = det(V(k)/V)−1 ⊗ det(V(k)/V′).
Note that[V : V′] is multiplicative.
Applying this toE ×G V andE′ ×G V, we get
(30) D(E′ ×G V) ⊗D(E ×G V)−1 = ⊗γ∈A[Lγ : L
′
γ].
The following lemma follows easily from the equation (28) and the definition of[− : −].






















Supposeℓ(z)bℓ(z)−1 is regular atz = 0 for all b ∈ B, i.e., h ∈ h+. Then, changings to sb does
not changeE′. Therefore, we get an action ofB (in particular ofH) onD(E′ ×G V)⊗D(E×G V)−1.
TheH-action respects[Lγ : L′γ] for anyγ ∈ A. Combining the equation (30) with the above lemma,
sinceA is symmetric, we get the following:
Proposition 6.3.




















γ(h) dim Vγ · γ.
We now come to the proof of the following result, which was used in the proof of Theorem 5.2.
Proposition 6.4. Let the notation and assumptions be as in the proof of Theorem5.2:‘(b)⇒ (a)’.
Then,
f ∗DmC = (M(
~λ,m))N,
whereπ : C→ P1 is the map as in Subsection 4.1 of degreeN.
Proof. TakeF̃ = (F; ḡ1, . . . , ḡn) ∈ ParbunG and letE := π∗F. By the projection formula
(31) D(C,E ×G g) = D(P1,F ×G g)N.
Let E′ = f (F̃) be the new bundle overC obtained via modifying the bundleE at the points̃bk





, where z̃k is a
local parameter for the formal disk̃Dk of C at b̃k), where f is the inverse of the ramified cover








). By Definition 6.1,









whereLβ(k), L′β(k) overD̃k are defined as in the beginning of this section takingV to be the adjoint











, h〉, By Lemma 3.4.
Thus,
(33) θk = −Nλk/m.
Combining the equations (31), (32) and (33), we get
f ∗(DC)
m
= DNm ⊗ (⊗nk=1Lk(Nλk))
=M(~λ,m)N.(34)
This proves the proposition.
24
We give another proof of the proposition using the affine flag vriety realization ofParbunG.
Second Proof:Let z̃k be a parameter for the curveC at the pointb̃k and letzk be a parameter for
P1 at the pointbk. Let Gbk (resp. Gb̃k) be the loop groupG(C((zk))) (resp. G(C((z̃k)))) and let
Bbk (resp.Pb̃k) be the Iwahori (resp. parahoric) subgroup defined as{ f ∈ G(C[[zk]]) : f (0) ∈ B}
(resp. G(C[[z̃k]])). Let ΓP1 (resp. ΓC) be the group of mapsP1 \ {b1, . . . , bn} → G (resp. maps
C \ {b̃1, . . . , b̃n} → G). Then, there are canonical identifications (cf. [LS97, Theorem 8.5] for a
similar result, the proof of which can be adapted to prove thefollowing; also see [PR10]):



















k=1 Gbk/Bbk diagonally via evaluation atbk on thek-th factor and a similar
action ofΓC on
∏n
k=1 Gb̃k/Pb̃k . Now, the mapf : ParbunG → BunG(C) corresponds (under the

















































whereπ̃ andπ are the standard projection maps andf̃ is defined similar tof̂ . Now, by [KNR94,




k=1 Gb̃k/Pb̃k is the homogeneous line
bundle corresponding to the affine characters(−2g∗mω0, . . . ,−2g∗mω0) respectively on each fac-
tor, whereω0 is the zeroth affine fundamental weight. Similarly, the bundle π∗(M(~λ,m)) over
∏n
k=1 Gbk/Bbk is the homogeneous line bundle corresponding to the affine chara ters(−2g
∗mω0 −
λ1, . . . ,−2g∗mω0 − λn) respectively on each factor. It is easy to see that the homogeneous line
bundle corresponding to the affine characters(−2g∗mω0, . . . ,−2g∗mω0) over
∏n
k=1 Gb̃k/Pb̃k pulls
back underf̃ to the homogeneous line bundle corresponding to the affine chara ters(−2g∗mNω0 −
2g∗mNµ∗
1
, . . . ,−2g∗mNω0 − 2g∗mNµ∗n) over
∏n
k=1 Gbk/Bbk (cf. [Kum02, Definition 11.3.4] and
the fact thatH2(Gbk/Bbk ,Z) ≃ Pic(Gbk/Bbk), where the latter can be proved by the same proof as
that of [KNR94, Proposition 2.3]). Sinceµk = λ∗k/2g
∗m, and the mapπ induces an injective map of
the corresponding Picard groups (cf. [LS97, Proof of Proposition 8.7]), we get the proposition.
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Lemma 6.5. For any (not necessarily dominant) integral weights~λ = (λ1, . . . , λn) and an integer
m, the spaceH0(ParbunG,M(~λ,m)) = 0 unlessm is a non-negative integer and eachλk is of level
2g∗m.
Proof. First of all, from the affine analogue of the Borel-Weil-Botttheorem (cf. [Kum02, Corollary





is zero unlessm is a non-negative integer andλk is a dominant integral weight forG of
level2g∗m, whereL(λk + 2g∗mω0) is the homogeneous line bundle overGbk/Bbk corresponding to
the affine characterλk + 2g∗mω0. Now, the lemma follows from the identification (35), since th
line bundleM(~λ,m) pulls-back (under this identification) to the line bundle
L(λ1 + 2g












Gbk/Bbk ,L(λ1 + 2g




(cf. [LS97, Section 8.9]).
We give another proof.
Second Proof.Assume thatH0(ParbunG,M(~λ,m)) , 0. By the method of the proof given in
[LS97], it follows immediately thatλk are dominant. Supposeλ1(θ∨) > k = 2g∗m. Chooseeθ ∈ gθ
and fθ ∈ g−θ such that[eθ, fθ] = θ∨, wheregθ (resp.g−θ) is the highest (resp. lowest) root space of
g. Take distinct points{p1, . . . , pn} ⊂ A1 ⊂ P1 so thatp1 = 0. It is easy to see, using [Bea96,LS97],
thatH0(ParbunG,M(~λ,m)) is identified with the dual of a space of the form
V =
(Vλ1 ⊗ . . . ⊗ Vλn)
g(Vλ1 ⊗ . . . ⊗Vλn) + im T
k+1
,







θ denotes the action offθ on thek-th factor). We show thatV = 0, which
will complete the second proof.
We need only show thatτ = v+
1
⊗ v2 ⊗ . . . ⊗ vn = 0 ∈ V, wherev+1 is the highest weight vector
of Vλ1 andvk ∈ Vλk are arbitrary weight vectors (since these vectors generateVλ1 ⊗ . . . ⊗ Vλn as a







on (Vλ1 ⊗ . . . ⊗Vλn). Let
W0 = (Cv
+
1 ⊗ Vλ2 ⊗ . . . ⊗ Vλn) ⊆ (Vλ1 ⊗ . . . ⊗ Vλn).
Clearly,S andT act onW0. Letθ∨(vk) = µkvk, k = 2, . . . , n. Then, we can see that[S,T](v+1 ⊗ v2 ⊗





⊗ v2 ⊗ . . . ⊗ vn).
This leads to asl2-action onW0 with the action ofH ∈ sl2 by





1 ⊗ v2 ⊗ . . . ⊗ vn),
E by S andF by T, where{E, F,H} is the standard basis ofsl2. We can further assume thatτ is




k≥2 µk = −λ1(θ
∨) < −k. Now, note that in any (not necessarily irreducible)
finite dimensionalsl2-representationW, if H acts onτ ∈ W by −m with m > 0, thenτ can be
written asFmτ′, for someτ′ ∈W. Applying this to ourτ, we see thatτ = Tk+1τ′ for someτ′ ∈W0.
Hence,τ = 0 inV. 
7. LEVI TWISTINGS
Let G be a simple, simply-connected complex algebraic group and let P be a standard maximal
parabolic subgroup. LetL be the Levi subgroup ofP containing the maximal torusH.
7.1. The structure of Levi subgroups. Note that
π2(G/P) ≃ H2(G/P) = Z andπ2(G) = 0,
where the first identification is via the Hurewicz theorem andthe second identification withZ is by
the Bruhat decomposition. (Of courseπ2(G) = 0 for any Lie groupG.) Hence, from the long exact
homotopy sequence for the fibrationG→ G/P, we get the isomorphism:
(37) β : Z = H2(G/P)→ π1(P) ≃ π1(L),
where the last isomorphism of course follows sinceL is a deformation retract ofP.
The fundamental characterωP extends to a character (still) denoted byωP : L→ Gm inducing a
mapπ1(L)→ π1(Gm) = Z. The loopzα
∨
P goes over to1 ∈ Z. Therefore,ωP : L→ Gm induces an
isomorphism on fundamental groups.
Consider the maximal semisimple subgroupL′ = [L, L]. Then, L′ is a (connected) simply-
connected group. To prove this, use the long exact homotopy sequence corresponding to the fibra-
tion π : L → L/L′ together with the isomorphism (37) and the fact thatL/L′ is a one dimensional
torus. LetZo be the identity component of the centerZ of L. Then, the canonical mapi : Zo → L/L′
is clearly an isogeny.









Then, the central inclusionZo →֒ L splits the left vertical projection, giving rise to a canonical
isomorphism:
L̃ ≃ L′ × Zo.
As in equation (2), letNP be the smallest positive integer such thatx̄P := NPxP belongs to the coroot
lattice ofG. Then,z 7→ zx̄P gives an isomorphismGm → Zo. Let kL be the order of the cokernel of
π1(Zo)→ π1(L). Then,kL is also the order ofKer i (andKer ĩ).
7.2. Degrees of principalL-bundles. Recall that the degree of a principalL-bundleL overP1 is
the first Chern class of the line bundleL×LC−ωP → P
1. Since topologically the principalL-bundles
onP1 are classified byπ1(L) via the clutching construction, one can view the degree as anelement
in π1(L) ≃ Z (under the canonical identification as in (37)). We will be interested in considering
thekL-degree
degkL(L) := deg(L) (mod kL)
of a principalL-bundle.
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7.3. Moduli stacks. Consider the stackParbunL parameterizing the quasi-parabolicL-bundles
L̃ = (L; l̄1, . . . , l̄n) onP1 consisting of a principalL-bundleL onP1 with parabolic structurēlk ∈





7.4. Line bundles on ParbunL. Given the characters~λ = (λ1, . . . , λn) of H and an integerm,
analogous to the definition ofM(~λ,m) as in Section 5, we can form the line bundleN(~λ,m) on
ParbunL whose fiber over̃L = (L, l̄1, . . . , l̄n) is the line
D(L ×L g)m ⊗ (⊗nk=1L̄k(λk)),
whereL̄k(λk) is the fiber of the line bundleLbk ×
BL C−λk → Lbk/BL over l̄k.
7.5. Sections ofN(~λ,m) over ParbunL(d). By a computation analogous to the equation (27), we







7.6. Existence of global sections of line bundles overParbunL(d). Let l′ be the Lie algebra ofL′
and leth′ := h ∩ l′ be its Cartan subalgebra. We can not apply Theorem 5.2 directly sinceL is not
semisimple. We first consider the case whenkL dividesd. Write d = kLd′. Now, consider the map
(39) η : ParbunL′ → ParbunL(d),
which sends a parabolicL′-bundleL̃′ to the parabolicL-bundleL̃ obtained as the image of the
principalL̃-bundleL′×A under̃i, whereA is the principalGm-bundle corresponding toO(d′). (The
parabolic structure onL is the canonical one coming from the parabolic structure onL′.)
This gives rise to the pull-back map





, . . . , λ′n), λ
′
k







Lemma 7.1. The mapη∗ is an isomorphism for anyN(~λ,m) such that the equation(38) is satisfied.
Proof. The mapη of stacks is surjective since the structure group of any principalL-bundle overP1
of degree divisible bykL lifts to L̃ and, moreover,L′/BL′ = L/BL. Hence,η∗ is injective.
To show thatη∗ is surjective, pick aφ′ ∈ H0(ParbunL′ ,N′(~λ′,m)). We need to lift the section
φ′ to a sectionφ ∈ H0(ParbunL(d),N(~λ,m)). SinceL′/BL′ = L/BL, it suffices to show that
for any L̃1, L̃2 ∈ ParbunL(d), lifts L̃′1, L̃
′
2 ∈ ParbunL′ (via η), and anyL-bundle isomorphism
φ : L1 → L2, there existsz ∈ Zo such that the composedL-bundle isomorphismmz ◦ φ : L1 → L2
(wheremz : L2 → L2 is the isomorphisme 7→ ez−1) lifts to aL′-bundle isomorphismφ′ : L′1 → L
′
2




(x), e2(x) ∈ L′2(x) in the fiber overx ∈ P
1. Then, we can write (thinking ofe1(x) ande2(x) as
elements ofL1(x) andL2(x) respectively)
φ(e1(x)) = e2(x)l(x), for somel(x) ∈ L.
It is easy to see thatl(x)L′ ∈ L/L′ does not depend upon the choices ofe1(x) ande2(x). In particular,
we get a functionl : P1 → L/L′, which must be constant sayloL′. Moreover, sinceZo maps
surjectively ontoL/L′ (see Subsection 7.1), we can takelo ∈ Zo. This provides the lifting ofmlo ◦φ
to aL′-bundle isomorphismφ′ : L′
1
→ L′2. 
7.7. Changing thekL-degree. Let G,P be as in the beginning of this section and letQ∨ ⊂ h be the
coroot lattice ofG.
Lemma 7.2. There exists an elementµP ∈ Q∨satisfying the following:
(a) 0 ≤ α(µP) ≤ 1, for all the rootsα ∈ R+l , whereR
+
l
is the set of positive roots ofl, and
(b) |ωP(µP)| = 1.
Proof. If the maximal parabolicP is such thatαP is a long root (for simply-laced groups all the
roots are considered long), then takeµP = −α∨P . By [Bou68, Page 278], since|α(µP)| ≤ 1, for all
the rootsα , ±αP, we get that (a) is satisfied forµP = −α∨P (since〈αi, α
∨
P〉 ≤ 0 for anyαi , αP).
Of course, (b) is satisfied forµP = −α∨P (with ωP(µP) = −1).
Following the Bourbaki [Bou68, Planche I - IX] convention, this leaves us with the following
cases to consider, where we give an explicitµP in each case. (In the following, we denote byPi the
maximal parabolic subgroup withSPi = {αi} andθ denotes the highest root ofG.)
(1) G = Bℓ,P = Pℓ : TakeµPℓ = θ
∨,
(2) G = Cℓ,P = Pi (1 ≤ i < ℓ) : TakeµPi = θ
∨,
(3) G = G2,P = P1 : TakeµP1 = θ
∨,
(4) G = F4,P = P3 : TakeµP3 = ǫ1 − ǫ4 , and
(5) G = F4,P = P4 : TakeµP4 = θ
∨ . 
We refer to [Ram75] for an analogue of the following construction. Choose a pointc ∈ P1




moduli stack of parabolicL-bundles of degreed with parabolic structures atb1, . . . , bn, c. There is
the forgetful morphismParbun[1]
L
(d) → ParbunL(d) (forgetting the parabolic structure atc). It is
clear that pulling backN(~λ,m) results in a similar line bundle (withλn+1 = 0 and no changes in
λ1, . . . , λn) without any change in the space of global sections.




(d ± 1). Fix
anyµ ∈ Q∨ and letℓµ : C∗ → H ⊂ L be the one parameter subgroupℓµ(z) = zµ. The operation is
as follows: Fix a trivializations of M̃ = (M; l̄1, . . . , l̄n+1) ∈ Parbun
[1]
L
(d) in a formal neighborhood
D of c = 0 so thats(0)BL = l̄n+1. The new principalL-bundleMµ, which coincides withM outside
of 0, is defined as follows: Sections ofMµ over D are meromorphic sectionssa(z) of M so that
ℓµ(z)a(z) is regular at0. We have a section
(41) s′ = sℓµ(z)
−1 of Mµ over D.
The construction of the new bundleMµ depends on the choice of the trivializations. In particular, it
may not give a well defined bundleMµ for an arbitrary choice ofµ. However, we have the following
result:
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Lemma 7.3. Assume thatµ ∈ Q∨ satisfies the condition (a) of Lemma 7.2. Then, for anyM̃ =
(M; l̄1, . . . , l̄n+1) ∈ Parbun
[1]
L
(d), the above operation gives a well-defined bundleMµ, i.e., the
construction ofMµ does not depend on the choice of the trivializations satisfyings(0)BL = l̄n+1.
Further, the degreed′ of Mµ is d +ωP(µ).
Proof. We first show that changings(z) by s(z)c(z) with c(z) ∈ L[[z]] := L(C[[z]]) andc(0) ∈ BL
does not changeMµ (in its meromorphic identification withM). To prove this, it suffices to show
thatℓµ(z)c(z)ℓµ(z)−1 is regular atz = 0:
Considering the embeddingL[[z]] ⊂ G[[Z]], and the affine Kac-Moody Lie algebrâL(g) :=
C[z, z−1] ⊗C g ⊕ Cc ⊕ Cd (cf., [Kum02, Section 13.1]), it suffices to show that
(42) Ad ℓµ(z) · (zC[z] ⊗ gβ) ⊂ C[z] ⊗ l, for anyβ ∈ Rl,
and
(43) Ad ℓµ(z) · gβ ⊂ C[z] ⊗ l, for any β ∈ R
+
l ,
wheregβ is the root space ofg corresponding to the rootβ. But, as it is easy to see, for anyµ ∈ Q∨
and anyβ ∈ R,
(44) Ad(zµ) · (zn ⊗ gβ) ⊂ z
n+β(µ) ⊗ gβ.
From this equation, the equations (42) and (43) follow for any µ satisfying the condition (a) of
Lemma 7.2.
By an easy calculation, the degreed′ of Mµ is d + ωP(µ). 
We now describe the parabolic structure onMµ for any µ as in the above lemma. For any
k = 1, . . . , n, the parabolic structure onMµ is the same as that of̃M atbk. To describe the parabolic




−1, c(z) ∈ L[[z]] with c(0) ∈ BL.
Then, by the equation (44), it is easy to see that the Lie algebra













In particular,Eµ is a Borel subgroup ofL containingH. Hence, there exists a unique Weyl group
elementwµ of L such thatEµ = wµBLw−1µ . Thus, we get a well defined point in(Mµ)0/wµBLw
−1
µ by
takings′(0) (modwµBLw−1µ ), for any sections
′ of Mµ overD defined by the equation (41). By the
definition ofEµ, it is easy to see that the elements′(0) (modwµBLw−1µ ) does not depend upon the
choice of the sections of M overD satisfyings(0)BL = l̄n+1.




induced bye 7→ ew. This allows us to define an elementl̄µ
n+1
in the fiber(Mµ)c/BL as the image

























(d+ωP(µ)), for anyµ satisfying the condition
(a) of Lemma 7.2, is an isomorphism.
Proof. Let wµ ∈ WL be the element such thatEµ = wµBLw−1µ , where Lie (Eµ) is defined by the
equation (45). Then, it is easy to see thatτ−w−1µ : Parbun
[1]
L
(d + ωP(µ)) → Parbun
[1]
L
(d) is a well
defined morphism of stacks. Moreover, it is the inverse ofτµ, proving thatτµ is an isomorphism.
(Observe thatw−w−1µ = w−1µ .) 
Finally, we need to consider the pull-back of line bundles under the above mapτµ.
Lemma 7.5. For anyµ satisfying the condition (a) of Lemma 7.2, any characters~λ = (λ1, . . . , λn)






whereµ∗ = κ−1(µ) (κ being defined in Section 3).
Proof. By Proposition 6.3, for anỹM ∈ Parbun[1]
L
(d), D(M′×Lg)⊗D(M×Lg)−1 is the lineM0×LCδ,





= −2g∗〈µ, x〉, by Lemma3.4,
whereR+ is the set of positive roots ofg. Thus,δ = −2g∗µ∗, whereµ∗ = κ−1(µ). Thus, the pull-back
of N((~λ, 2g∗mµ∗),m) underτµ is given byN((~λ, 0),m). This proves the lemma. 
LetµP ∈ Q∨ be any element satisfying Lemma 7.2 and letdo be the smallest positive integer such
thatd+doωP(µP) ≡ 0 (modkL), wherekL is defined in Subsection 7.1. Choose pointsc1, . . . , cdo ∈ P
1
distinct from the pointsb1, . . . , bn. For any0 ≤ r ≤ do, letParbun
[r]
L
(d) be the moduli stack of quasi-
parabolic principalL-bundles onP1 of degreed with parabolic structures atb1, . . . , bn, c1, . . . , cr.
Thus,Parbun[0]
L
(d) = ParbunL(d). There is a similar definition ofParbun
[r]
L′
, where we taken + r
parabolic points.
Combining Lemmas 7.4 and 7.5, we get the following result.
Corollary 7.6. For anyµP satisfying Lemma 7.2, any characters~λ = (λ1, . . . , λn) of H and any
integerm ≥ 0 such that the equation(38) is satisfied, we have







, . . . , λ′n), λ
′
k
:= λk |h′ and[λ]
do denotesdo copies ofλ.


















Further, by Lemma 7.5, the isomorphismτµP : Parbun
[r]
L




rωP(µP)) induces an isomorphism in cohomology:
H0(Parbun[r]
L





(d + (r − 1)ωP(µP)),N((~λ, [2g
∗mµ∗P]
r−1, 0),m)).




(d + doωP(µP)),N((~λ, [2g
∗mµ∗P]
do),m)).
Now, the corollary follows from Lemma 7.1. (Observe that, bythe identity (9), the equation (38) is
satisfied for(~λ, [2g∗mµ∗P]
do) and degreed + doωP(µP).) 
Consider the decompositionh = h′ ⊕ zo, wherezo (Lie algebra ofZo) is the center ofl andh′ is
the Cartan subalgebra ofl′.
Lemma 7.7. For anyµ ∈ Q∨ (whereQ∨ is the coroot lattice ofg), write
µ = µ′ + µo, µ′ ∈ h′, µo ∈ zo.
Then,Exp(2πiµ′) lies in the center ofL′.
Proof. Sinceµ ∈ Q∨, Exp(2πiµ) = 1 in G (and hence inL). Moreover,
Exp(2πiµ) = Exp(2πiµ′) · Exp(2πiµo).
But, Exp(2πiµo) ∈ Zo and henceExp(2πiµ′) ∈ Zo ∩ L′. In particular,Exp(2πiµ′) lies in the center
of L′. 
8. IRREDUNDANCY OF THE INEQUALITIES INTHEOREM 4.1
The aim of this section is to prove the following theorem, which s the multiplicative eigen
polytope analogue of Ressayre’s result [Res10]. The following result forG = SLm was proved by
Belkale combining the works [Bel07,Bel07b] (see Remark 8.5).










k µk) ≤ d,
given by part (b) of Theorem 4.1 (as we run through the standard maximal parabolic subgroups






pairwise distinct (even up to scalar multiples) and form an irredundant system of inequalities defin-
ing the eigen polytopeCn insideA n, i.e., the hyperplanes given by the equality inI P(u1,...,un;d) are
precisely the (codimension one) facets of the polytopeCn which intersect the interior ofA n.
We divide the proof into several parts.
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8.1. First of all, the inequalitiesI P
(u1,...,un;d)
are pairwise distinct, even up to scalar multiples:
The stabilizer ofωP under the action ofW is precisely equal to the subgroupWP. Let ukωP =
zvkωP, for all 1 ≤ k ≤ n and some real numberz (independent ofk) and elementsuk, vk ∈ WP. By
considering the lengths, we see thatz = ±1. Further,z , −1, for otherwiseCn would satisfy two
inequalities with opposite signs contradicting the fact that Cn has non-empty interior inhn. Thus,
z = 1 and eachuk = vk.
Now, take two standard maximal parabolic subgroupsP , Q and assume thatukωP = zvkωQ,
for all 1 ≤ k ≤ n and d = zd′, for some real numberz (independent ofk) and elementsuk ∈
WP, vk ∈ WQ and non-negative integersd, d′. For z < 0, againCn would satisfy two inequalities
with opposite signs (which is not possible). Soz > 0. Now, the only dominant element in the
W-orbit of a dominant weightλ is λ itself. Hence, we getωP = zωQ, which is not possible since
P , Q.
Finally, since none ofukωP = 0 andn ≥ 2, we get that the facet determined by anyI P(u1,...,un;d)
can not be a facet of the alcoveA n.
8.2. Now, we show that none of the inequalitiesI P
(u1,...,un;d)
can be dropped. In the rest of the proof,
we fix a standard maximal parabolic subgroupP of G, u1, . . . , un ∈WP, andd ≥ 0 such that






We wish to show that the inequalityI P
(u1,...,un;d)
can not be dropped. We will produce a collection of
points ofCn for which the above inequality is an equality, and such that teir convex span has the
dimension of a facet (i.e.,−1 + n dim h). Before we come to its proof, we need some preparatory
material.
As in Subsection 3.7, for any quasi-parabolic principalG-bundleẼ = (E; ḡ1, . . . , ḡn) overP1,
define the subscheme
Z′d(Ẽ) = { f ∈ Zd(E) : f (bk) and ḡk are in relative positionuk ∀1 ≤ k ≤ n},
and its open subscheme:
Zod(Ẽ) = { f ∈ Z
′
d(E) : θ(P̃( f )) , 0},
whereZd(E) is the space of sections ofE/P of degreed, P̃( f ) is theP-subbundle ofE associated tof
with its parabolic structures(p̄1, . . . , p̄n) as described in Subsection 3.7 andθ ∈ H0(ParbunP(d),R)
is the section defined in Subsection 3.6. This gives rise to a sack
π′ : Z′d → ParbunG with fiber Z
′
d(Ẽ) over Ẽ,
and an open substack
πo : Zod → ParbunG with fiber Z
o
d(Ẽ) over Ẽ.
The image ofπo is an open substackV of ParbunG. Moreover, due to the equation (47),πo : Zod →
V is an isomorphism of stacks (following the argument in the proof of Lemma 3.10).
Define a morphism of stacksi : ParbunL(d) → ParbunG, taking L̃ = (L; l1BL, . . . , lnBL) 7→
(L ×L G; l1u
−1
1
B, . . . , lnu−1n B). Also, the Levification process GrP via the one parameter subgroup
tx̄P , as in Subsection 3.8, gives a morphism of stacksξ : Z′
d
→ ParbunL(d). Similarly, consider the
morphism of stacksj : ParbunL(d) → Z′d, L̃ = (L; l1BL, . . . , lnBL) 7→ (L ×
L P; l̄1, . . . , l̄n). Then,
clearly
i = π′ ◦ j.
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From the definition, it is easy to see thati∗(M(~λ~u,m)) ≃ N(~λ,m), where~λ~u := (u1λ1, . . . , unλn).
Lemma 8.2. For any(~λ,m) such that the identity componentZo of the center ofL acts trivially on
N(~λ,m), the line bundlesξ∗(N(~λ,m)) = ξ∗i∗(M(~λ~u,m)) and (π




In particular, the lemma applies to any(~λ,m) ∈ S.
Proof. Sincetx̄P ⊂ Zo acts trivially onN(~λ,m), the lemma follows from the definition of the Levi-
fication mapξ and the following simple lemma. 
Let R be aGm-equivariant line bundle onA1 such that the action ofGm onR0 is trivial. Then,
using theGm-action and taking limit ast→ 0, we get the following:
Lemma 8.3. There is a canonical identificationRt
∼
→ R0, for anyt ∈ A1.
Define the subset
(49)
S = {(~λ,m) = (λ1, . . . , λn; m) ∈ X(H)
n ×Z+ : H
0(ParbunL(d),N(~λ,m)
r) , 0, for somer > 0}.
By the equation (38), for any(~λ,m) ∈ S,
∑n
k=1 λk(xP) = 4g
∗dm/〈αP, αP〉.
Define a mapS→ hn by (~λ,m) 7→ 1
2g∗m
~λ. We will show (in Section 8.3) that the convex span of
the image of this map has dimension−1 + n dim h.
Proposition 8.4. For any (~λ,m) ∈ S, there exists a divisorD
(~λ,m) ⊂ ParbunG contained in the
complement ofV such thatM(~λ~u,m)
r(D
(~λ,m)) has a nonzero section overParbunG for somer > 0.
Moreover, the line bundleO(D
(~λ,m)) overParbunG is of the formM(
~λo,mo) for somemo ≥ 0 and





being aG-dominant character of levelmo. Further,
i∗(O(D
(~λ,m))) admits a nonzero section overParbunL(d).
For a finite subcollectionF of (~λ,m) ∈ S, we can choose a line bundleO(DF) as above, which
works for all~λ ∈ F.
Proof. By assumption,N(~λ,m)r has a nonzero section overParbunL(d). Since(u1, . . . , un; d) is
quantum Levi-movable,j−1(Zo
d
) is a non-empty open subset ofParbunL(d) and henceξ∗(N(~λ,m)r)
has a nonzero section overZo
d
. Thus, by Lemma 8.2 and the isomorphismZo
d
≃ V, we get that
M(~λ~u,m)
r has a nonzero sectionσ overV. SinceParbunG is a smooth Artin stack (see [Wan11]
and the references therein), there is a divisorD
(~λ,m) ⊂ ParbunG \V such thatσ extends as a nonzero
section ofM(~λ~u,m)r(D(~λ,m)) over the whole ofParbunG (use a smooth atlas ofParbunG).
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To prove the second part, by [LS97, Proposition 8.7], some suitable power ofO(D
(~λ,m)) is of
the formM(~λo,mo) for suitable characters~λo = (λo1, . . . , λ
o
n) and integermo. SinceO(D(~λ,m))
has a nonzero global section, we get thatmo ≥ 0 and moreover eachλok is dominant of level
2g∗mo (cf. Lemma 6.5). Further, since the canonical section ofO(D(~λ,m)) does not vanish on
ParbunG \D(~λ,m) ⊃ V, and i
−1(V) is non-empty, we get thati∗(O(D
(~λ,m))) admits a nonzero sec-
tion overParbunL(d). This proves the proposition. 
8.3. We are now ready to complete the proof of Theorem 8.1.
Proof of Theorem 8.1 (continued):Let Cn(L′) denote the eigen polytope ofL′ (which is simply-








L′ : z ∈ C(µ
′





whereAL′ ⊂ h′ is the fundamental alcove ofL′ (which is the product of the fundamental alcoves
of the simple components ofL′) and C(µ′
k
) denotes the conjugacy class ofExp(2πiµ′
k
) under a
maximal compact subgroup ofL′.
Sincez is central, it is easy to see that (just asCn(L′)) Cn(L′)z is a rational convex polytope with
nonempty interior inh′n.
Letµ′P be theh
′-component ofµP ∈ h = h′⊕ zo, whereµP ∈ Q∨ is any element satisfying Lemma
7.2. Then, by Lemma 7.7,Exp(2πiµ′P) is central inL
′. Thus, takingz = (Exp(2πiµ′P))
−do , for any
~µ′ ∈ Cn(L′)z, we get(~µ′, [µ′P]
do) ∈ Cn+do(L
′). (Observe thatµ′P ∈ AL′ .)
Thus, applying Theorem 5.2 and Remark 5.3 for simpleG replaced by semisimpleL′ and n
replaced byn + do, we get that for any rational point~µ′ ∈ Cn(L′)z, there exists a large enough




∗)]do), r/2g∗)) , 0,
where(~µ′)∗ := (κ−1(µ′n), . . . , κ
−1(µ′n)). Thus, by Corollary 7.6, we see (possibly by taking a multiple
of r) that
H0(ParbunL(d),N(r(~µ)
∗, r/2g∗)) , 0,
for any rational~µ = (µ1, . . . , µn) ∈ hn satisfying the following two conditions:
(a) Theh′-component ofµk coincides withµ′k, for all 1 ≤ k ≤ n, and





〈µk, xP〉 = 2d/〈αP, αP〉.
Thus, for any rational point~µ′ ∈ Cn(L′)z, we get that there exists a large enough positive integer
r such that(r(~µ)∗, r/2g∗) ∈ S, for any rational~µ satisfying the above conditions (a) and (b). Take
a finite collectionF of such~µ such that their convex span is of dimension−1 + n dim h. (This is
possible sinceCn(L′)z is of dimensionn dim h′ and, for any~µ′, the extension of~µ′ to ~µ satisfying
the above conditions (a) and (b) is a(n − 1)-dimensional space.) Thus, we can find a uniform
positive integer o such that(ro(~µ)∗, ro/2g∗) ∈ S for any ~µ ∈ F. Thus, by Proposition 8.4, we get
















+ romo)) , 0.
























〈µk, xP〉, by the identity (9),
= d, by the identity (51).
Thus, for any~µ ∈ F, the element~µ~u = (u1µ1, . . . , unµn) lies in the hyperplaneH given by the
equality ofI P
(u1,...,un;d)
. Also, sincei∗(M(~λo,mo)) admits a nonzero section overParbunL(d) (by























∈ H ∩ Cn.
From this we see thatH ∩ Cn is of dimension−1 + n dim h, since, by assumption, convex span of
µ ∈ F is of this dimension. This proves Theorem 8.1 completely.
Remark8.5. Let G = SLr and~λ = (λ1, . . . , λn) be a collection of dominant integral weights each of
level≤ k (which is arbitrary, and not necessarily a multiple ofg∗ = r) such that their sum lies in the
root lattice ofg, the Lie algebra ofSLr. Let Vg,~λ,k be the space of conformal blocks for
~λ at levelk
for the marked curve(P1, b1, . . . , bn) (see, e.g., [Bea96] for the definition of conformal blocks).The
quantum generalization of Fulton’s conjecture (abbreviatd as QFC) asserts that for any positive
integerN, V
g,~λ,k has rank1 if and only if Vg,N~λ,Nk has rank1. As observed in [Bel07, Page 50], QFC
for SLr is implied by the irredundance (i.e., Theorem 8.1) forSLm for eachm > r. Therefore, one
obtains a new proof of QFC.
The article [Bel07] shows also that Theorem 8.1 holds forSLm assuming the validity of QFC.
In [Bel07b], a geometric proof of the classical Fulton conjecture (proved earlier by Knutson-Tao-
Woodward [KTW04]) was given. It was noted there that the proof carries over to the quantum case
as well (but full proofs were not given in the quantum case).
9. EXAMPLE : DETERMINATION OF DEFORMED PRODUCT IN QUANTUM COHOMOLOGY FOR
RANK-2 GROUPS
We determine the deformed product in the quantum cohomologyf r G/P, whereG is a rank-2
group andP is a maximal parabolic subgroup which is not cominuscule. The maximal parabolic
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Pi refers the one withSPi = {αi}. In the following examples, we follow the indexing conventio
as in Bourbaki [Bou68, Planche II, IX], and the classesai, bi, ci refer to the unique classesσPui ∈
H2i(XP,Z), i.e., corresponding to the Schubert varietiesXPui of codimensioni. As in Definition 3.5,
the variableq (resp.τ) refers to the quantum (resp. deformed) variable.
Example 1.G = B2,P = P2 :
H∗(G/P2) a0 a1 a2 a3
a0 a0 a1 a2 a3
a1 τa2 a3 τqa0
a2 qa0 qa1
a3 τqa2
Example 3.G = G2,P = P1 :
H∗(G/P1) b0 b1 b2 b3 b4 b5
b0 b0 b1 b2 b3 b4 b5
b1 τ2b2 5τb3 τ2b4 b5 + τ2qb0 τ2qb1
b2 5τb4 b5 + τ2qb0 2qb1 τ2qb2
b3 τqb1 τqb2 τ2qb3
b4 2qb3 τ2qb4
b5 τ4q2b0
Example 4.G = G2,P = P2 :
H∗(G/P2) c0 c1 c2 c3 c4 c5
c0 c0 c1 c2 c3 c4 c5
c1 3c2 2τc3 + τqc0 3c4 + qc1 c5 + qc2 τqc3 + 2τq2c0
c2 2τc4 + τqc1 c5 + 2qc2 τqc3 + τq2c0 τqc4 + τq2c1
c3 2qc3 + 2q
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